is a probability distribution density. This gives no problem to probabilists. However, if formula (1.2) is combined with the superposition principle (1.1), then it turns out to be a serious (almost unsolvable) problem in probability theory. + 0 3 C 6 2 2 + ( 0 3 C 6 1 2 + 0 3 C 6 2 1 ) . 0 3 9 4 = 1 0 3 C 3 2 ( t , x ) ~ xi ( 0 3 C 3 2 ( t , x ) 0 3 C 3 T 0 3 C 3 i j ( t , x ) xj ) with which is positive definite diffusion coefficient, and a2(t, x) = b(t, x) is a drift vector satisfying a gauge condition div b = o.
We assume the existence of space-time diffusion processes { (t, Xr): (ii) The transformed diffusion process Qs,x>
an additional drift term a(t,x) = 03C3T03C3~log 03C6(t, x) .
(iii) The space-time diffusion process ( (t, Xi), Qs,>; (s, x) e D ) does not hit the zero set N of g §.4
Remark. The diffusion process constructed in the above theorem corresponds to the diffusion equation (2, 14) Bq
where B is a time-dependent parabolic differential operator~° = d x 0 a ( x 0 ) 0 3 C 6 a ( x 0 ) 1 0 3 C 6 a ( x 0 ) p ( a , x 0 ; t 1 , x 1 ) 0 3 C 6 t 1 ( x 1 ) d x 1 1 0 3 C 6 t 1 ( x 1 ) p ( t 1 , x 1 ; t 2 , x 2 ) Adopting formula (2.18) instead of (2.17) was one of genius ideas of Schrodinger (1931 The q-representation belongs to the real world, since it describes the real observable evolution of the distribution density of a diffusion process. It should be remarked that the p-representation, in contrast, describes an evolution in an "fictitious" world, because p does not concern the probability distribution of the diffusion process directly, but it describes the evolution of an entrance-exit law { ~, ~ } . . This is exactly the real-valued counterpart of the relation between wave functions { ~r, y~} and the product in quantum theory.
We can identify the two distribution densities (2.25)
This identification of the products is enough to construct a diffusion process (see the following corollaries), but in addition we need to establish the equivalence of the Schrodinger equation and a pair of diffusion equations. This solves Schrodinger's conjecture, which will be explained in the next section.
We formulate simple corollaries of Theorem 2.1. . 5 Cf. Nagasawa (1961 Nagasawa ( ,1964 = 0 3 C 3 T 0 3 C 3l o g 0 3 C 6 t ( x ) . (
ii If is Schrodinger's factorization of a diffusion process Q, then we call the process Q the superposition of the diffusion processes { Q ~k~: k = 1, 2, ~ ~ } . It is clear that the claim in Section 1 on "interference" turns out to be correct for the superposition of diffusion processes defined above.
As an example let us consider an inverse problem; namely, we decompose a diffusion process Q into, say, two diffusion processes. We ignore, for simplicity, normalization. We decompose entrance and exit laws and 03C6b as (1)ap(1)(a, t) +(2)ap(2)(a,t) = ap(a, t), (4.5) b)~b~~ +p~2~(t~ b)~b2~ = p~t~ where notations are self-explanatory. This is the requirement on i =1,2, and p for Q to be the superposition of Q ~l~ and Q ~2~. Aebi-Nagasawa (1992) Nagasawa (1989, 91, Monograph) .
The non-linear dependence appeared in (5.1) and inaccessibility of the diffusion process {X~, Q } to the zero set of its distribution density indicate that it is necessary to find out a statistical mechanical structure behind the Schrodinger equation. For this see Nagasawa (1980, 90, monograph), AebiNagasawa (1992) .
Based on the superposition principle in quantum theory it has been claimed often that quantum theory is the third way of describing natural laws besides deterministic and stochastic ways, since deterministic theory and probability theory do not provide such a mathematical structure. We have shown that this claim was false, and moreover that quantum theory is an application of diffusion theory which provide the Schrödinger equation naturally without "quantization". Therefore, we can now fully rely on the theory of diffusion processes, even when we consider quantum theory. As many probabilists actually felt, there are only two mathematical ways describing natural laws: Deterministic mathematics and stochastic mathematics; more precisely, classical mathematics and the theory of probability and stochastic processes. There is no "third mathematics" at the moment.
